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Oscillation of irrational measure function in the multidimensional case. 

D. O. Shatskov 


Abstract 

Let 0 is a matrix of size m x n. We denote the irrational measure function, as 
it>e(t) = min max \\6)xi + ... + 6™x n \\. 

XiSZ 1 3 3 

1^ max 
l^i^n 


We proved that difference function ipQ — ipQ/ for almost all pairs 0, 0' in cases m = 1, n = 2 or 
m ^ 2 and n = 1 changes its sign infinity many times as t —>• +oo. 

Bibliography: 5 titles. 


For a real matrix 


0 = 


( o\ 


el 


e i \ 

e n m 


we consider the irrationality measure function 


ipeit) = min max II 9)x 1 + ... + 

Xi&L l^j^m 3 3 

1^ max 


here || • || stands for the distance to the nearest integer. For two matrix 0 and 0' we consider the 
difference function ipept) — ip@>(t). 

If m — n — 1 then 0 = a and 

ip ail) — min ||9Q!||. 

l^q^t 

In the paper [2) it is proved that for any two real numbers a and /3, such that a ± /3 ^Z the 
difference function 

I’ait) -l 3 pi) 

changes its sign infinitely many often as t —y +oo. 

Two theorems below are well-known. 

Theorem 1. (A. Khintchine, 1926). Let a function ip it) decrease to zero as t — > +oo. Then 
there exist two algebraically independent real numbers a and j3 such that for all t large enough one 
has 

l 3 (ap)it)= nrin \\x 1 a + x 2 /3\\ ^ipit). 

l^max(|afi|,|fC2| 

Theorem 2. (A. Khintchine, 1926). Let a function ip it) decrease to zero as t —> +oo and the 
function tip it) increase to infinity as t —» +oo. Then there exist two algebraically independent real 
numbers a and j3 such that for all t large enough 


Vv a \ it) = min max(||xa||, ||x/3||) ^ ip{t). 

{ p ) 1<x ^ 

This shows that there is no general oscillation property for difference function in any dimension 
greater than one. 

The main result of this note is the following 

Theorem. Let m — 1 and n = 2 or m ^ 2 and n = 1, than for almost all matrix 0 and 0' of 
size in x n the difference function 

ipeit) - ip&it) 

changes its sign infinitely many times as t —» +oo. 

°Research is supported by the grant RNF 14-11-00433. 
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Ocrpuijiaipia 4 >yHKii,HH Mepw Hppau,HOHajii>HOCTH b MHoroMepHOM cjiyaae 

,ZJ.O. IIIapKOB 


1. BBefleHHe. H.rrn MaTpiipni 


0 = 


( °\ 


PaCCMOTpHM c|)yHKHTTKJ MepBI IippapHOHajIBHOCTH 


d l \ 

K ) 


0e (0 = min max \\9}xi + ... + 9 r 'x n II, 

Xi£Z KjXm 3 3 

1^ max 
l^i^n 

r^e || ■ || oSoaHanaeT paccToamie flo SjiH/acaninero pejioro. ,ZI,jia ^Byx MaTpnn; 0 h 0' cocTaBHM 
pa3HocTB 0©(0 — 00/ (0. Hac HHTepecyeT Kan Be,a;eT ce6a 3Ta pa3HocTB npn t —> +oo. 

B o^HOMepHOM cjiynae 0 = an c^yHKip-no 0© mojkho 3 anncaTB Tax 

0a (0 = min ||ga||. 

l^q^t 

H.r. Mom;eBHTHH n M./I. KaH b coBMecTHon pa 6 oTe [ 2 ] /lOKasajin. t ito rjik /ibvx BeinpcTBeHHBix 
nnceji a h 0 , Taxiix hto a ± pa 3 HocTB 

0 a (0 -0/3 (0 

SecKOHenHo mhoto pa3 MemieT 3Hax npn t —> +oo. 

H3BecTHBi ^Be TeopeMBi. 

TeopeMa (XimnnH, 1926). IlycTB c^yHKpna 0(0 ySniBaeT k Hyjno npn t —> +oo. Tor^a 
cyrpecTByioT ^Ba ajireSpannecKH He3aBnciiMBix nncjia a n 0 Taxue, hto ,n;jia flocTaTonHo Sojibiuhx t 
BBinojiHneTcn 

0(« P) (0 = ^ min, ll^ia + x 2 P\\ 0 0(0- 

TeopeMa (Xhhhhh, 1926). IlycTB c^yHKpna 0(0 ySniBaeT k Hyjno npn t —> +oo h cj 3 yHKpnsi 
£0(0 SecKOHenHo B03pacTaeT npn £ —> +oo. Tor^a cyipecTByioT ^Ba ajireSpannecKH He3aBHCHMBix 
flefiCTBHTejIBHBIX HHCJia a H 0 TaKHX, HTO ^JIH ^OCTaTOHHO 60 JIBHIHX £ BBinOJIHHeTCn 

0 / Q \ (0 = min max(||/ca||, ||a; 0 ||) ^ 0 ( 0 . 

( p ) 

CjieflCTBneM 3 thx ^Byx TeopeM cjiyaaiT yTBepjK^eHne, hto ^jin Gojinmux pa3MepHOCTen b o 6 ru;eM 
cjiynae ociihjijihphh HeT. 

B flaHHoil pa 6 oTe 6 yn;eT ,n;oKa 3 aH cjieflyromiifi pe 3 yjiBTaT 

TeopeMa. IlycTB rri = 1 h n = 2 hjih rn 0 2 n n = 1, Tor^a non™ Bcex MaTpnn; 0 h 0' 
pa3Mepa m x n pa3HocTB 

0 e (0 - 09'(0 

ocpHjijinpyeT SecKOHeHHoe hhcjio pa3 npn £ —)■ +oo. 

2. Hayaemie cjsyHKpHH 0©(0 b cjiyaae m = 1 h n = 2. 

^(ajiee b pa6oTe 0 < A < Ao, (Ao 3c[)4)eKTHBHo BBinncjiaeTca H3 jieMM 3, 4, 5, 13 n 14) 0 < e < 1 
(e 3(J)4)eKTHBHo BBinncjineTcn 113 jieMM 3, 4, 5, 12 h 14), 0 < 6 < 1 (£ sc^c^eKTHBHo BbiHiicjiaeTca H3 

°Pa6oTa BbinojiHeHa npn nojmepjKKe rpama PH® 14-11-00433. 
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jieMMbi 14) h k > K 0 = A'o(A), (K 0 acJx^eKTHBHo BBiHHCJineTCH H3 jieMM 2, 3, 4, 5, 8, 9, 11, 13, 14 h 
15). 

B cjiynae m = 1 h n = 2 c^ymojira 'i’eit) HMeeT bhp 

VV p)(t) = min ||xia + a; 2 ) 0 ||. 
l^max(|:ri| ,|# 2 |)^£ 

Ha KBa^paTe [0; l] 2 paccMOTpnM pBa mhojkcctb a: 

A4 = {(a,/3)e[0; l] 2 : i/>( a p)(k) > ^} = 

= j(a,/3)e[0; l] 2 : V(xi, x 2 )eZ 2 1 ^ max(|xi|, |x 2 |) ^ k \\x x a + x 2 /3\\ > j = 

= |(ct, /3 )g[0; l] 2 : V(xi, x 2 )eZ 2 1 ^ max(|xi|, |x 2 |) ^ kVqeZ \x x a + x 2 /3 — q\ > j ; 

M k = j(a,/3)e[0; l] 2 : ip( a p)(k) < = 

= j(a,/?)e[0; l] 2 : 3(xi, x 2 )eZ 2 1 ^ max(|xi|, |x 2 |) ^ k ||xi a + x 2 /3\\ ^ j = 

= j(a,/?)e[0; l] 2 : 3(xi,x 2 )eZ 2 1 < max(|xi|, |x 2 |) ^ k 3 qeZ \xia + x 2 (3-q\ ^ j. 

BepHo paBeHCTBo 

p(34) = l-fi(M k ). (1) 

PaccMOTpHM njiocKocTB Oot/3. jhoSbix pejinix nnceji x\, x 2 h q BapappM MHoncecTBo 

A(x l ,x 2 ,q) = |(a,/3)eM 2 : \xicx + x 2 /3 - q\ ^ — j . 

06o3HaHHM 

^4(xi,x 2 ) = |(a,/3)GM 2 : 3gGZ|a;ia + x 2 /S - q\ ^ -^} = [J A(x l ,x 2 ,q). 


BbinnmeM cBoficTBa MHoxcecTBa A(xi,x 2 ): 


A(xi, x 2 ) + 



x 



A(xi,x 2 ); 


A(x 1 ,x 2 ) = A(-x i, -x 2 ); 
p (H(xi,x 2 )n[0; l] 2 ) = p, 

rpe /i(-) - Mepa JleSera, a 3Hax x o6o3HanaeT npjnvroe npoH3BepeHHe mhojkbctb. 

^jin jhoGbix pByx jinHenHo He3aBiicnMBix nap (xi,x 2 ) h (yi,y 2 ) h jhoGbix qi h g 2 nepeceneHneM 
MHOJKecTB H(xi, a: 2 , gi) h A(yi,y 2 ,q 2 ) 6ypeT napajuiejiorpaMM c njiorpapBio 


p (H(xi, x 2 , gi)DA(yi, y 2 , g 2 )) 


1 4e 2 


del ( ^ M 

k 4 

\ y i in ) 



( 2 ) 


3aMenaHHe 1. ^naMeTp stoto napajuiejiorpaMMa He 6ojiee Ay 

06o3Ha T iHM nepe3 A - pemeTKy, nocTpoeHHyio Ha BeKTopax h (^-, ^-). 
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3aMenaHHe 2. U,eHTpt>i napajuiejiorpaMMOB, nojtynaeMBix npn nepedope BceB03M0>KHt>ix pejioHHCJieHHBix 
3HaHeHH0 qi, q 2 JieacaT b y3Jiax peineTKi-i A. 

BepHo paBeHCTBo 

M k = (J (A(xi,x 2 )n[0; l] 2 ) . (3) 

(xi,X2)SZ 2 

l^max(|a;i|,|a;2|)^fc 

ypodcTBa 3pecB h pajiee b padoTe nepe3 S dypeM odo3HanaTB napa jTJiejiemmepBi, cooTBeTCTByioipeH 
pa3MepHOCTH, co CTopoHaMH napajiJiejiBHBiMH KOopflHHaTHbiM rnnepnjiocKocTJiM. 

TeopeMa flpHHKa. IlycTB G — BBinyKjian odjiacTB Ha njiocKOCTH, N — hhcjio pejmix tohck 
b oSjiacTH G, P — njioipapB odjiacTH G, L — nepi-iMeTp odjiacTH G, L ^ 1, Torpa bbihojihchbi 
HepaBeHCTBa 

P-L<N<L + P. 


JleMMa 1. IlycTB S — KBappaT co cTopoHofi A, A = 


det 


,A/ 0 , x 1 ,x 2 ,yi,y 2 £% h 


Xi x 2 

y\ y2 

xi,X 2 -,yi,y 2 > I N - hhcjio tohck pemeTKH A b KBappaTe S, Torpa BBinojmsieTcsi HepaBeHCTBo 


N < A 2 A + 2X\Jx\ + y'l + 2A\Jx\ + y 2 . 


AIoKaaaTejibCTBo. riopeftcTByeM Ha pemeTKy A cnpaBa jihhchhbim npeo6pa30BaHHeM T = 
Xl X<2 ), KOTopoe nepeBopiiT pemeTKy A b opTOHopMiipoBaHHyio pemeTKy Z 2 . KBappaT S 

!/\ !l‘> J 

npn 3 tom npeo6pa30BaHHH nepeiipeT b napajuiejiorpaMM c njioipapBio A 2 A, pjihhbi ctopoh stoto 
napajuiejiorpaMMa 6ypyT paBHBi A\J x\ + y\ h A \Jx\ + y 2 . ITpiiMeHiiM TeopeMy HpHHKa h nojiyHHM 
HepaBeHCTBo. 

JleMMa 1 poKa3aHa. 

06o3HaHHM E k = {(xi, o; 2 )gN 2 : (xi,x 2 ) — 1, f ^ %i,x 2 ^ k], 

x i x 2 


JleMMa 2. IlycTB A = 


det 


y i y 2 


E 


Torpa BBinojiHaeTCH HepaBeHCTBo 

1 


(xi, x 2 )eE k 
{yi, V 2 )&E k 
(xi,x 2 )^(yi , 2 / 2 ) 


A 


^ 9k In k. 


^OKa3aTejii>CTBo. PaccMOTpiiM njiocKocTB Oy\y 2 . ^jih tohkh (x\, x 2 )EE k nocTpoHM ceMeiicTBo 
npHMBix x 1 y 2 — x 2 yi = q, rpe gGZ. YpaBHemie npsMoft H3 stoto ceMencTBa mojkho nepenncaTB 

b TaKOM BHpe det ^ X1 X ‘ 2 ^ = q. Bee tohkh pemeTKH Z 2 jiencaT Ha sthx npaMBix. PaccTOHHHe 

Mencpy cocepHHMH npsMBiMH H3 stoto ceMencTBa paBHo , ' PaccTOHHHe Mempy cocepHHMH 

\/ x i+x 2 

pejIbIMH TOHKaMH Ha KaJKpOH npHMOH H3 3TOTO ceMeiicTBa paBHO \Jx\p x\ ^ ;^=. Ha KancpOH 
npaMOH 6ypeT He dojiee 2 tohck (x/i, 2/ 2 )elA- Tan KaK mbi paccMaTpimaeM napBi (xi,x 2 )&E k h 
(yi,y 2 )£E k , to A ^ fc 2 . OpeHHM HHTepecyiomyio Hac cyMMy 



(xi,x 2 )eE k 

(yi,V2)&E k 

(xi, x 2 )^(yi,y 2 ) 


k2 1 

E E E 

(xi,x 2 )GE k n=l A =n 

( yi,y2)eE k 


k 2 


E E 

(xi, x 2 )£E k n= 1 


4 

- sj 
n 


4 



^ (4 + 8 In k) ^ 9 k 2 In k. 

(xi,x2 )eE k 


JleMMa 2 poKa3aHa. 

JleMMa 3. A jin jno6oro KBappaTa S' co cTopoHon A, BepHBi HepaBeHCTBa 


A 2 



^ /i{M k nS) ^ 5cA 2 . 


^OKa3aTejii>CTBO. Hepe3 S(x i, x 2 , A+ fc 2 ) npaMoyrojibHHK co cTopoHaMii n rpe op, x 2 , Ap, A; 2 gN 0 . 
B cjiynae op = 0 hjih x 2 = 0 nofl S' noHHMaeTCH SecKOHenHan nojioca napajuiejiBHan ocn Oct hjih 
OCH 0(3 COOTBeTCTBeHHO. 

jho6oto KBappaTa S n jho6oh napni nnceji (ap,a; 2 ), ecjin hojiohchtb Ap = [Aap] n fc 2 = [Ax 2 ], 
to mojkho yxasaTB pBa npaMoyrojibHHKa, peHTpni KOTopmx coBnapaioT c peHTpoM KBappaTa S' n 
BBinojiHneTCH ycjioBue S(x 1 , x 2 , Ap, Ap)cS'cS'(ap, x 2 , Ap + 1, fc 2 + 1). 

3annmeM orpaHnneHne cHH3y Ha Mepy nepeceneHHH M k h S' 


/-t (M fc ns f ) + y /i(A(xi,x 2 )nS) - y /i(y4(xi,a; 2 )nA(?/i,?/ 2 )nS). 

(xi,X 2 )6-Efc ( 11 , 

(yi, 2 / 2)6 E k 
{xi,X2)^{yi,V2) 


(4) 


poKa3aTejiBCTBa sto HepaBeHCTBa Bocnojib3yeMCH (J/opMyjiOH (J3]) h c^opMyjioii BKjHoneHHH- 
HCKJHOHeHHH 


/ 


11 (M k ns) = 11 


\ 


IJ (t4(xi, x 2 )nS') 


(®i,x2)ez 2 
\l^ max(|a:i|,|a^2|)^^ 


/ 


( 1J (A(xi,x 2 )nS') 

(xi, x 2 ^)£.E k 






^ /i(A(a;i,x 2 )nS') ~y p(A(£i,£ 2 )a4(?/i,?/ 2 )nS'). 


(xi,X2)6Efe 


(xi,X2)6Efe 

(yi,y2)eE k 

(xi,x 2 )^(yi,y2) 


IIpHMeHHB CBOHCTBa MHOJKeCTBa A( y X\ ) X 2 ), MOJKHO nOKa3aTB, HTO BBinOJIHHIOTCH paBeHCTBa 

f HI+, X1,I2#0; 

/«C4pl, 12)05(1!, * 2 )) = < 


_ , 2e k 2 

k 2 X2 ’ 


ap = 0 ,x 2 7 ^ 0 ; 

^ ^ = 0 ,^ 0 . 


OpeHHM cHH3y nepByio cyMMy H3 HepaBeHCTBa 


yi /c(A(xi,a; 2 )nS') + ^ n(A(x 1 ,x 2 )r\S(x 1 ,X2,k 1 ,k 2 )) = ^ y —^ ^ 


k A k 2 


(xi,x 2 )6 Efc 

2e 


( xi , x 2 )6 E k 


k 2 


(xi ,x 2 )&E k 


XiX 2 


E 


A; 2 


(Aap — 1 )(Ax 2 — 1) 2 e / 2 A A 1 

^ V Ti To 


(xi,x 2 )eE k 

2e 


xix 2 


k 2 


k 2 


\ 2 —— + °(klnk) = —— + 0 


k 2 V 4C(2) 


(xi,x 2 )S-Efc 

X 2 £ 


Xi X 2 XiX 2 


2C(2) 


In k 


> 


X 2 £ 

3C(2)' 
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0h,6hhm cBepxy Mepy MHoncecTBa A(x\, x 2 )nA(?/ 1 , y 2 )r\S. KBappaT S n napajuiejiorpaMM MoryT 
nepecexaTBca, ecjin paccTOJiHue Mejxpy hx peHTpaMH Memme, T -ieM -^= + ^ A. Ecjih b3htb KBappaT 
3 S, y KOToporo penxp coBnapaeT c peHTpoM KBappaTa S h cTopoHa paBHa 3A, to peHTpni Tex 
napajuiejiorpaMMOB, KOTopBie 3apeBaioT KBappaT S 6ypyT jieacaTB BHyTpn KBappaTa 3 S'. IIo jieMMe 
1 6ypeT 

#(3SnA) ^ 9A 2 A + 6A x\ + y\ + 6A \Jx\ + 


rpe A = 


det 


Xi x 2 

yi V2 

Chmboji #(•), 3pecB h pajiee, o6o3HaHaeT KOJinnecTBo sjieMeHTOB b MHoncecTBe. 

J^Jia orpaHHHeHHH CBepxy BTopon cyMMBi H3 HepaBeHCTBa 01]) Bocnojib3yeMca (|>opMy.jiOH 
JieMMOH 2 

Y v(A(x 1 ,X 2 )r\A(y 1 ,y 2 )r\S) ^ Y #(3SnA) 4£ 

(xi,X 2 )&E k (xi,X 2 )& E k 

{yi,V2)&E k (yi,m)&Ek 

(xi,x 2 )^(yi,y 2 ) (xi,x 2 )^{yi,y 2 ) 


II 


Ak 4 


< 


^ ^ ( 9A 2 A + 6Ay x\ + y\ + 6A \jx\ + y\ ) < 


(xi,x2)eE k 

iyi,y2)&E k 

(xi,x2)^(yi,y2) 


4e 2 


E 


k 4 

(xi,x2)eE k 

(yuy2)EE k 

(xi,x 2 )^(yi,y 2 ) 


3A + A 


2\[2k ^V2k\ 


36A 2 £ 2 


A 


A 




k 4 


E i + 


48V2\e 2 


E 


(xi,x 2 )eE k 

(yi,y2)&E k 

(xi,x 2 )^(yi,y 2 ) 


k 3 ^ A 

(xi,x 2 )SE k 

(yi,y2)&E k 

{xi,x 2 )^(yi,y 2 ) 


< 


36\ 2 e 2 ^ 

— E ! + 


2^2 


fc 4 


432\/2Ae 2 In k 37X*£ 


(xi,x 2 )&E k 
lyi,y2)&E k 


C 2 (2) 


OrpamiHemie cHH3y pjia p(M fc flS) poxasaHo. 

()6o3Ha T iHM El = {(xi, x 2 )gZ 2 : l^|x 2 |^/c} h S*—S(xi,x 2 , k\ + 1, k 2 + 1). 

BocnojiB3yeMca cJjopMyjioft (J2J), cbohctbom A(xi, x 2 )=A(—xi, — x 2 ) h nojiyHHM orpamiHemie CBepxy 
Ha n{M k C\S) 


( 


v(M k nS) = fi 


\ 


u 


(A(xi,x 2 )nS') 


(x!,x 2 )ez 2 
\l^ maxflici |,|zc2|)^fc 


/ 


< n 


( 


+p 


X2=0 

l^xi^k 


\ 

( 

+ y 

u 

) 

y(^i i x 2 )&e 


\ 


U (A(xi,x 2 )nS’) 


xi=0 
\l^x 2 ^k 




< 


^2 Y v(A(xi,x 2 )nS*)+ Y y(A( x h x 2 ) nS *) =% Y kl + l + 


x\=0 

l^X2^k 


(x lt X 2 )£Efe 


k 2 Z — x 2 

X 2 = l 


+ 


2e 


E 


[k\ + 1 ){k- 2 + 1) 4e ^—\ Ax 2 + 1 i 2s 


(xi,x 2 )eE* 


XiX 2 


k 2 


E 

a:2 = l 


x 2 


+ 


k 2 


E 


(Axi + 1 )(Ax 2 + 1) 


(xi,x 2 )eE% 


XiX 2 
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1 


4 £ f , 1 A 2e / 2 A A 

pE( A +-) + p E ( A+ - + -+ 


£2=1 


^2 7 fc 2 


(xi,X 2 )GEl 


Xi X 2 X\X 2 


= J {2X 2 k 2 + 0(k In k)) = AeX 2 + O f < 5eA 2 


JleMMa 3 ^;oKa3aHa. 

JleMMa 4. ABrn jno6oro KBa/ipaxa S co cTopoHoii A BepHo HepaBeHCTBo 

X 2 -5X 2 £ ^ li(SnMk). 

^OKa3aTejitCTBo. Bocnojib3yeMcn paBeHCTBOM (pQ) h jicmmoh 3 

n(Sf)M k ) = //(S') — p(SnM k ) ^ A 2 — 5eA 2 . 

JleMMa 4 ^;oKa3aHa. 

3. H3yHeHHe 4>yHKii,HH 0e(t) b cjiynae m ^ 2 h n — 1. 

B 3 tom cjiynae c|)yHKii,Hn ^e(t) HMeeT Bn# 

"0 / rvi \ (t) = min max ||xa,-||. 

/ 1 \ J 

V / 

Ha Ky6e [0; l] m paccMOTpnM ^Ba MHoxcecTBa: 


Mk= l (ai,..., a m )G[0;l] m Ql ,(k) 


> 


Vk 


> = 


V Otm / 


(«i, • • 
(«i, • • 


= (ai,..., a m )e[0;l] m : VgG[l;fc] max {||aig||} > -^= 


, a m )e[0; l] m : VgG[l; k] 3(pi,... ,p m )GZ m max {| a t q - Pi\} > ^j= 


,a m )G[0; l] m : VgG[l; fc] 3(pi,... ,p m )eZ m max 


M k = («i, • • •, «m)e[0; l] m : 0 / Q1 v (fc) 




- 

9 


> = 


> 


Vk J ’ 




(cii,.. 

(«i,.. 


= <J (ai,..., a m )G[0;l] m : 3gG[l; k] max {||aig||} ^ -^= 


,a m )G[0; l] m : 3gG[l; k\ V(pi,... ,p m )GZ m max {|a*g -p*|} ^ -777= 


,Q! m )G[0; l] m : 3gG[l; k\ V(pi,... ,p m )GZ m max 


pi 

«i- 

9 
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BepHo paBeHCTBo 

n(M k ) = 1 - n(M k ). (5) 

HHCJia q onpeflejiHM mhohccctbo A{q), Kax oS'teflHHeHHe Ky6oB c pempaMH b TOHKax ( qj-, y, ■ ■ ■, 


npn Pi — 0, 1, . . . , q H CO CTOpOHOH — 

BepHo paBeHCTBo 

fc 

M k =\J(A(q)n[0,l] m ). (6) 

9=1 

Chmboji [•] o6o3HanaeT pejiyio nacTB cBepxy. 

JleMMa 5. jiio6oro xy6a S co cTopoHoft A BbinojiHHeTCH HepaBeHCTBo 

X m — 2(4Ae) m ^ p(Sr\M k ). 

,3,0icasare ji t> ctbcj. I IpoeKpun MHoncecTBa A(q) Ha KayKjiyio KoopyHiTaTnyio ocb sto oG'be/pmeHHe 


OTp63KOB BHya 

6ojiee 


P — £ P 


9 q n \fk ’ q q r \fk 

(a + q + 1 ^ Ag + 2 oTp63KOB H 3 npoeKipm MHOJKecTBa A(q) no 


npn p = 0. 1 ..... g. Oicbh/ijto 0Tpe30K ^jihhbi A sa/jener He 


, A+ q^Vk) '■ q 
Ka>K/i,OH och. riojiynaeM HepaBeHCTBo 


fJ.(SDA(q)) ^ {Xq + 2) r 


Pey 

kq m 


IIpHMeHHM 4)opMyjiy (J6|) h HafifleM orpaHiiHemie CBepxy Ha Mepy nepeceneHHH 


p(SnM k ) = /i 


U(sn^(,))) < £ 


\q= i 


< X) C(2Ag) m + 4- 

9=1 


kq 

^ (4Ae) m + 


< 

E 


9=1 





8 ”E m 


q(sciA( q) )< i Y.^+ 2 r—£ 


9=1 


kq r 


k 


11L s— 11L 

y" i + ^— y; 

^ k ^ q r 

9=1 


< 


9=1 


E 75 < 2 ( 4fe ) ra - 

9=1 n 


k z —' q 


IIpHMeHHM nojiyneHHoe HepaBeHCTBo h (J)opMyjiy (J5|) 

p(SnMk) = (Jt(S) - p(Sr\M k ) > A m - 2 (A\e) r 

JleMMa 5 ^oKa3aHa. 

JleMMa 6. ^jih m ^ 2 BepHo HepaBeHCTBo 


E 


\k/ 2] ^9i<92^fc 


(qi 1 q2T < 2k 
q? " 5 ' 


^OKa3aTejifaCTBO. IlycTB (gi,g 2 ) = d, q\=dl (l^ |~^~|) h q 2 =dp (p^l+1^ |~^~| +l) c ycjioBHeM 
(l,p) = 1, Tor^a 


E 


( 91 , 92 )' 


92-1 


|"fc/2]^gi<52^fc 


?2 


E E 

92=rfi+i9i=rti 


(9l^2) ? 


92 


[/e/ 2] [fc/d] p -1 

EE E yr 


< 


d - i p=r4i+ i i=[4] 

dp)=i 




















[k/2] [k/d] p -1 [k/ 2] [fc/d] , x k [k/p} , . 

V V —=V V 

^ / -/ / v / -/ jfn / v / -/ ^ / -/ .win 

d=i p =r &i+ 1 „ o 1 1 d=i p= oo+ 1 p=2 d=i 


r '>W/,,v- ^(p) 


E 

P =2 


@(eS->i=* 


£T 


p=2 


P 


v p=l 


p' 


CM 

C(m + 1) 


1 


M) 

C(3) 


2fc 

<— • 

5 


^OKa3aTejibCTBo paBeHCTBa 




C (m — 1) 

CM 


MOJKHO HaiiTH B [5] Ha CTp. 250. 

JleMMa 6 poKa3aHa. 

JleMMa 7. IlycTB W - BBinyKjiaa oSjiacTB Ha njiocKocTii, N - hhcjio pejmix tohck b oGjiacra W. 
Ecjih HafipyTca 3 pejmie tohkh BHyrpH oSjiacTH He jiexcaipHe Ha opHoii npuMoii, to 


N ^ 2/i(W) + 2. 


,3,0Kaa ht e ji b ctbo. PaccMOTpHM Bee pejmie tohkh, ne>Kanuie b oSjiacTi-i W, pjra hi-ix nocTpoi-iM 
BBinyKjiyio oSojiOHKy. IIojiyHHM BBinyKjiBifi MHoroyro jibhhk. IIpHMeHHB (JiopMyjiy IIi-iKa, nojiymiM 
HepaBeHCTBo 

rpe B ecTB KOJinnecTBo pejioHHCJieHHBix ToneK BHyTpn MHoroyrojiBHHKa, a T — KOJiimecTBo ToneK 
Ha rpaHHpe MHoroyrojiBHHKa. H 3 cooTHomeHHH N = B + T nojiynaeM 


N-2^ 2n{W). 


JleMMa 7 poKa3aHa. 

PaccMOTpHM njiocKOCTB Op\P 2 ■ ^jih napBi (gi,g 2 )GN 2 h micjia 5 > 0 BBepeM o6o3HaHeHHH: 
C — npHMoyrojiBHHK co CTopoHaMH (1 + 8)Xqi h (1 + <5)Ag 2 , napajiJiejibHBiMH ochm; 


Ct) = 


0,^A qi 


x 


0, ^Ag 2 


D = { (puPz) e M 2 : \q2P1 - qm\ < d 
q\ h go- 


e(gi+<? 2 ) 

d r \/k 


, rpe d 


HaHSojIBHIHH o6lH,HH pejIHTejTB HHCejI 


Iq — npHMaa q 2 Pi - q\P 2 = ( l- 
3annmeM hcckojibko cbohctb npHMBix Biipa l q : 

1. PaCCTOHHHe MeJKpy pByMH COCepHHMIl npHMBIMH BHpa l q paBHO 

2. Bee pejmie tohkh (pi,p 2 )GZ 2 jiexcaT Ha npaMBix Biipa l q , paccTOHHne Mexcpy pByMH cocepmiMH 
TOHKaMH Ha OflHOfi npHMOH paBHO a/ gf + gf. 


1 

\Ai+92 


3annmeM HeKOTopBie CBOHCTBa oGjiacra I): 

1. KojIHHeCTBO npHMBIX lq B oSjiaCTII D paBHO 2d 


2. 11 Inpiiiia nojiocbi I) paBHa h — 2 

3. Ecjih d > 2£k l ~ l ^ rn 1 to D = l 0 . 


pgi+<?2) 

d r y/k 

£ (9i +92) 1 d ^ 2V2e 
dT Vk \ ^fq 2^2 ^ Vfc ' 


+1; 
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OnpeflejiHM mh o>Kec tb a: 

Tr k = {(q 1 ,q- 2 )eZ 2 : \k/ 2] ^ qi < q 2 ^ k }; 

J = {{qi, q- 2 )eTr k : 3 C = C x #(DnC' 1 nZ 2 ) > N 0 }, m e N 0 = 8(1 + 6)s\k 1 ~ l/m + 6; 
Jo = {(qi,q 2 )€Tr k : (qi,q 2 ) = d > d 0 }, r^e d 0 = 9efc 1_1/m ; 


Ji = {(qi,q 2 )eTr k : #(DnC 0 nZ 2 ) > f}; 


Pr k = \(PuP2)£ 


0 

4s 


i 2 


HN 2 : (pi,P2) = l,l^%<2 


JleMMa 8 . /Jjth Kaac^ofi napni (q i, q 2 )EJ Bee pejiBie tohkh b Df)Ci jiencaT Ha o^hoh npsMOH l c 
rnaroM 7 , r^e 

Vk 

^ 7 ^ IT' 

AloKH3ar e ji t> ct bo . OSjiacTB DC\C\ mojkho bjiojkiitb b napajuiejiorpaMM c bbicotoh h h cTopoHofi 
\/2(l+8)Xk. TaKHM o6pa30M Mepa /x(-DnCi) ^ 4(l+5)eAA; 1_1 ' /m . 

IlycTB tohkh He jiencaT Ha oflHoii npsMOH, Tor^a no jieMMe 7, KOJinnecTBo pejiwx ToneK N b 
oSjiacTH i4DnC\ ) 6yn,eT 


N ^ 2//(DDCi) + 2 ^ 8(1 + 5)eA/c 1_1/m + 2, 


nojiynaeM npoTHBopenne c TeM, hto (qi,q 2 )EJ. 

MaKCHMajiBHBiH 0Tpe30K b DnC\ 3to ^HaroHajiB npsMoyrojibHHKa C\ . ^jiHHa ^naroHajin paBHa 
V2(l + 5)\k, MHHIiMajIBHOe KOJTHHeCTBO TOHeK Ha OTpe3Ke TaKOH 7 JIHHBI flOJIJKHO 6bitb He MeHee No, 
noaTOMy mar 7 He MonceT npeBBimaTB BejiHHHHBi 


y/2(l + 5)Xk y/2(l + 8)Xk _V2\/k Vk 
Nq — 1 ^ N 0 — 6 8s ^ As 


JleMMa 8 7;oKa3aHa. 

JleMMa 9. IlycTB / - npnMan H3 jieMMBi 8, 7 - paccTOHHHe Menc^y ,n,ByMH coce^HHMH pejiniMH 
TOHKaMH Ha 9toh npsMOH, u - yroji Me>K7;y npaMbiMH l h l 0 , Tor^a 


sin a; < 


1 

2/cAy 


AloKasaTejibCTBo. Orrpeye.niiM hhcjio a — d 
AiA 2 A3 c rHnoTeHy3o0 AiA 2 , r^e 

A\ = lnl a ] 

A 2 = lnl-a, 

A 3 el a ; 

A1A3U. 

^JIHHBI CTOpOH IA 1 A 2 I ^ (Nq — 1)7 H |^4.1^31 


m ( qi + q 2 ) 


lIocTpoHM npsMoyrojibHbiH TpeyrojiBHHK 


= h. OpeHHM cHHyc yrjia Menc^y npaMbiMH l h Iq 


sina; = < h < 2 V2S < 1 

I^VM ^ (No - 1)7 ^ Vk(N 0 - 6)7 ^ 2 /cA 7 ’ 

Ecjih D = l 0 , to l = Iq h sin a; = 0. 

JleMMa 9 flOKa3aHa. 
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JleMMa 10. Ecjih (qi,q 2 )^J, to 


#(ZJnC' 0 nz 2 ) ^ ^ 


AloxasaTejibCTBO. I IycTb (q \, q 2 )EJ, Torpa cyipecTByeT XBappaT C\, Taxon t tto b oSjiacTii DC\C\ 
6ypeT jieacaTB N ^ Nq pejibix Tonex. H 3 Bcex pejibix Tonex b DC\C\ BbipejiHM pBe tohxh p s h pd - 
caMaa jieBan h caMan npaBan cooTBeTCTBeHHo no ocn Opi . Bo3BMeM Tonxy p c = P3 + Pd . PaccMOTpnM 
2 cjiynan. 

1-Bin cjiynan. Ecjih N - HeneTHoe, to p c - pejian Tonxa. 06o3HaniiM nepe3 (j) cpBHr Ha BexTop 
— p c , rpe BexTop p c - pappyc- BexTop tohxh p c . 

Tohkh <f)(p c ) = (0,0)G-DnCo h (j)(pd)^DnC 0 , a 3HaniiT h o6pa3Bi Bcex pejibix Tonex Mencpy p c h 
Pd To>xe jiencaT b oGjiacra DHCq. Kojihhcctbo pejibix Tonex b oSjiacTH DHCq 6ypeT 


#(E>nc 0 nz 2 ) ^ ^±1 


A^ 0 + 1 ^ N 0 

2 ~ 2 ' 


2-oh cjiynan. Ecjih N - neTHoe, to Tonxa p c jieJXHT nocepepHHe pByx pejibix Tonex c npsMOH 
/, B03bMeM npaByio Tonxy, o6o3HanHM ee p c d ■ H cpejiaeM cpbht Ha BexTop —p c d, rpe BexTop p cd - 
papnyc-BexTop tohxh p cd . Tohxh <t>(p c d) — (0,0)G-DnC 0 h <f)(pd)£Dr\C 0 , a 3HaHHT h o6pa3bi Bcex 
pejibix Tonex Me>xpy p c d 11 pd Tonce jiencaT b oGjiacTii DHCq. 

KojiHHecTBo pejibix Tonex b oGjiacTH DnCo 6ypeT 

#(Dnc 0 nz 2 ) ^ j > 


JleMMa 10 poxa3aHa. 

JleMMa 11. ^jih jiioSoro (qi,q 2 )&Trk BbinojiHHeTcn HepaBeHCTBo 


#(uncnz 2 ) ^ 


^(32eAA; 1 - 1 / m ) m + 


fl&£k l ~ l / m 

V d 


+ ( 8 A d) m + 4 r 


1/m 


^OKa3aTejibCTBo. 

KojiHHecTBo npHMbix l q b oSjiacTH D, Ha xoTopbix jiejxaT pejibie tohxh paBHo 


L dVk 


(«qi + 92 ) 


— + 1 . 

a 


KojiHHecTBo Tonex Ha xajxpoii npaMOH He npeBocxopiiT xojiHHecTBa Tonex Ha pnaroHajiH npaMoyrojibHHxa 

./ _ ^_q 2 I ^ 

C. Haxajxpoii npsMOH paccTonmie Mejxpy TonxaMH l —-. ^jnnia pparoHajiH W ((1 + 5)Xqi) + ((1 + 5)Xq 2 ) 

(1 + S)Xy/qf + g 2 . 3HaniiT HanSojibHiee xojiHHecTBo Tonex Ha xaixpofi npaMOH He npeBocxopHT 


BejIHHHHbl 


(1 + 5)Xy/ qj + ql 


\Ai+gl 

d 


+ 1 = (1 + 5)Xd + 1. 


(7) 


TaxiiM o 6 pa 30 M Bee xojiHHecTBo pejibix Tonex b oSjiacTii DnC opeHHM Tax 

' Aek i-i/™ 


#(ZJncnz 2 ) < 


d 


+ 1 


J (2Ad+l) 


J 


A F lA-l/m \ m \ 1 / m 

— d -+ lj {2Xd + l) m 1 £ 


€ 


8e jfel-l /m\ m \ X 1 /™ 

- -j + 2 m j ((4A d) m + 2 m ) 
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= ('(32£Ai 1 - 1 '"“)’" + 0^ 

JleMMa 11 poxa3aHa. 

Boxpyr xancpon: tohxh (p \,p 2 )E Prp nocTpoHM ceKTop V(p\,p 2 ) c yrjiOM (j), pjiH KOToporo BepHO 
HepaBeHCTBo sin (p = -jX~, rpe 7 = \Jp\ + p\ h Tonxa (pi,p 2 ) JieJxiiT Ha GiiccexTpHce yrjia (j). IIop 
ceKTopoM 6ypeM noHHMaTB oSjiacTB Mencpy pByMH iiphmbimii Bupa y = k\x h y = k 2 x. 06T>epHHeHHe 
Bcex nOJiyHHBHIHXCH CeKTOpOB o6o3HaHHM Hepe3 V. 

JleMMa 12. BepHBi BxjuoHeHHH Jo C J C J\ C (VflTry). 

^OKa3aTejit.CTBO. A OKa;>KeM BxjnoHeHiie J 0 C J. Ecjih napa (gi,g 2 )£Jo> to D = Z 0 - Bo3BMeM 
npHMoyrojibHHK C = [0, (1 + 5)Agi] x [0, (1 + 5)Ag 2 ]. OpemiM xojiHHecTBo pejiBix Tonex b UnC* 


— 1/m 


+ (8AJ) m + 4” 


1/m 


# (Pncnz 2 ) = #(/ 0 nc , nz 2 ) 


(1 + £)A^/ ql + 

\/ <?1 +<?2 
d 


(i+M+1 

V 9? 

d 


= (1 + 5)Ad > 9(1 + 5)eA/c 1_1/m > 8(1 + 5)e\k 1 ~ l/in + 6 . 

BKjHoneHHe Jo C J poxa 3 aHo. 

BxjnoneHHe J C J\ poxa 3 aHo b jieMMe 10. 

Ecjih (gi, <7 2 )€ Jl, to b oSjiacTii UflCo Bee pejiBie tohkii jiemaT Ha ophoh npaMoft l, Tax xax 

p(DnC 0 ) ^ 2{l+5)£\k 1 - 1 / m . 

IlycTB tohxh He jieixaT Ha ophoh npsMOH, Torpa no jieMMe 7, xojiHHecTBo pejiBix Tonex b oSjiacTii 

p(DnC 0 ) SypeT 

2p(DnC 0 ) + 2 ^ 4(1 + 5)£\k l ~ l / m + 2 < 

nojiynaeM npoTHBopenne c TeM, hto (<p, q , 2 )€ J\. IIpjiMBie l h l 0 nepecexaioTCH b Hanajie xooppHHaT 
h cHHyc yrjia Mencpy hphmbimh l h Iq He npeBocxopiiT BejiHHHHBi ^77 A - 1151 poxa3aTejiBCTBa Hapo 
noBTopiiTB paccyjxpeHHH, aHajiorHHHBie paccyjxpeHHHM b jieMMe 9. 

AoxaxceM BxjHoneHHe J\ C (VflTr/j). 

Ecjih Tonxa (<p, g 2 )^V, to (q \, q 2 )^Ji, noTOMy xax CHHyc yrjia Mejxpy iipnMOH l 0 h jiioSbim papnyc- 
BexTopoM (pi,p 2 ), rpe (pi,p 2 )GPr fc SojiBine neM sin | > = ^ 777 , hto npoTHBopemiT TOMy hto 

CHHyc yrjia Mencpy npHMBiMii l h Iq He npeBocxopiiT BejiHHHHBi ^ 

JleMMa 12 poxa 3 aHa. 

JleMMa 13. KojiHnecTBo nap (q , i,q , 2 )€J He 6 ojiee . 

AoKaaaTejiBCTBo. OpemiM cxojibxo Tonex (?i, nonapaioT b xancpniH cexTop V(pi,p 2 ). 

Bo 3 mo)xhbi 2 cjiynan. 

IlepBBiH cjiynan. Bee pejiBie tohxh jieixaT Ha npHMOH /o, Torpa hx xojiHHecTBo He SojiBine neM 
\/2fc 1 ^ 

7 

BTopofi cjiynan. A- 1151 oGjiacTii V(pi, p 2 )n[l, k ] 2 bbhiojihjiiotch ycjioBHH jicmmbi 7, Torpa xojiHHecTBo 
Tonex He SojiBine neM 

1 / \ 2 2k 

2p(V(pi,p 2 )n[l, fc] 2 )+2 ^ 2 • - yV2kj sin0 + 2 ^ — + 2. 

OpemiM o6ipee xojiHHecTBo Tonex 


#J^#(VnTr fc )=# 


U (V(pi,p 2 )nTr fc ) 

X'Pl,P2)&Pr k 


< 
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E #(V(pi,P 2 )DTr fe ) Y, ( 

P2)&Prk (pi,P2)ePrj. \ 

< 


(pi>P 2 )ePr*. 


E 


/ 2 fc 2k 

E 

(pi,P2)ePr fc 

4fc x -> 4/c 3fc 2 / m 


a/2 A: 2k 

-— + 1 + —+ 2 | E 

7 A 7 


E 


x ^ Ak 3A ; 2 /” 1 

E 17 + 

(pi,P 2 )ePr k 

E 4/c v—■> 

x + E 


A 7 16e 2 

16fce 3/c 2 /” 1 


A 7 ' A 7 ' 16e 2 ' A ' ^ A 2 \/fc 16e 2 

(pi,P2)ePr (pi,P2)ePr k (pi,P2)ePr (pi,P2)SPr 


< 


1 ^ 7 ^- 


’Vfc 


,T Vfc 


< 7 ^ 






^ 2, Vfc 


<7< 


’Vfe 


Akk l / m 16 ke k 2/m 30 m k 1+ £ k 1+ & 32 k 1+ 

€ ——+ - = — „ + ——- = —— + —-+ —-T 4 


3 

2m 


16e 2 


A 16e 2 A 2 a /k 16£ 2 16e 2 4Ae 2 Ae 

JleMMa 13 7;oKa3aHa. 

JleMMa 14. JL I,jih jhoSoto Kv6a S co cTopoHoft A BBinojiHaeTca HepaBeHCTBo 

(2Ae) m ( 68 A£ 2 ) m 


Ae 2 


6 


^(SnAf fc ). 


^OKasaTejitCTBo. 

OrpaHHHemie cHH3y Ha Mepy nepeceHeHHH MHoacecTBa M k c Ky6oM S 3anHCBiBaeTca HepaBeHCTBo m 


n(SDM k )^ ^ n(Sr\A(q))- ^ p (SnA(q 1 )nA(q 2 )) 

q=\k/2\ ffc/^K^fc 


ripHMeHHM (J)opMyjiy (J6|) h /fOKaaceM sto HepaBeHCTBo 

n(SnM k ) = n 


U(Sru4(s))j > M ( U (SnA(q)) 

W=1 / \q= ffc/2] 




( 8 ) 


^ £ /.(m4( g ))- ((smfoO) f|(5ni4( fe )) 

g=[fc/2] |"fc/2]^gi<g2^fc 

k 

= fi(snA( qi )nA(q 2 )). 

q=\k/ 2] ffc/2] ^qi<q 2 ^k 

IlepByio cyMMy H3 (J8]) cHH3y mojkho ohphhtb thkhm o6pa30M 

* (l-i) m (2Ae) m 


E /i(5ru4( 9 ))S 

g= ffc/2] 


(9) 


EoKa>KCM 3TO HepaBeHCTBo. 11JJOC'KipTH MHOJKeCTBa A(q) Ha Ka>K7\TO KOOp/fHHaTHyiO OCB 3TO 

npn p = 0,l,...,g. MHHHMajiBHoe kojiiihcctbo 


oSne^HHeHne oTpe3KOB BH,n;a | - —^=, | 

npoeKpHH MHoacecTBa A(q ), KOTopnie nojiHocTBio nona/iyT b 0Tpe30K /pihhbi A paBHo 
A q —— 1 > \q — 2. riojiynaeM HepaBeHCTBo 


A- 


2e 


r Vkq) ’ 9 


> 


fc ^ n m^m k nnir.ni 

E ^A( q) )> Y. E = 

9= ffc/2] 9= ffc/2] 9= ffc/2] 
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E 

q=\k/2\ 


(1- 5) m (2\e) m ( l-5) m (2 \£) 


k 


> 


B cyMMe P (*S'nA(q f i) P| A(q 2 )) HafifleM orpaHHneHHe cBepxy Ha Kaacfloe cnaraeMoe. CHanana 

\k/2~\ Sjgi <q2^k 

HafifleM orpaHHHeHHe Ha kojikhcctbo nepecenemiH. BbinKmeM ycjiOBHH Ha nonapHoe nepecenemie 
MHOJKecTB. PaccMOTpHM npoeKipno Ha nepByio ocb. 

IIpoeKpHH MHOJKecTB A(qi) h S nepeceKaioTCH, ecjin 


(A l — 


+ A + £ 


Vkq 1 


Vkqi 9i 

IIpoeKpHH MHOJKecTB A(q 2 ) h S nepeceKaioTCH, ecjin 

£ p 2 £ 

OL\ — — 7 = — E — < tti + A H-7= —. 

Vkq 2 Q 2 Vkq 2 

ripoeKipTH mhojkbctb A(qi) h A(q 2 ) nepeceKaioTCH, ecjin cyipecTByioT p\ h p 2 , Taio-ie hto 

£ 


Pl_P2 
9i Q2 


< 


1 1 
\[k \qi q 2 


Ecjih napa (p \, p 2 ) ynpBjieTBopaeT BceM TpeM HepaBeHCTBaM, to npoeKipiH mhojkbctb S, A(q{) h 
A(q 2 ) nepeceKaioTCH. IlepenHmeM oth HepaBeHCTBa no ^pyroMy 

0 ^ pi - aiqi + ^ < Agi + ^ 


2e 

r Vk 


Vk 

0 ^ p 2 - aiq 2 + -4^ < Xq 2 + 

\pi<i2-P2qi\ < qi + q2 ) 

PaccMOTpHM njiocKocTB Op i p 2 . IlepBBie ji b a HepaBeHCTBa sa/jaioT npHMoyrojiBHHK co cTopoHaMH 
Agi ~Wk H ^9 2 koto? 151 ® coflep>KHTCH b npsMoyrojibHHKe C. TpeTBe HepaBeHCTBo 3aflaeT 


npaMBie BHfla Piq2—P2qi=q, r^e q = 0, ±d,..., ±d 


d Vfc 


( 91 + 92 ) 


TO eCTB B TOHHOCTH npHMBie H3 


oSjiacTH D. OTcro^a cjie^yeT, hto kojikhcctbo pememiH chctcmbi 6yn,eT He 6ojiee, neM ^(.DnC'nZ 2 ). 
Bee MHOJKecTBo nap (gi, q 2 ) pa3o6neM Ha Tpn cjiynaH: 
napa (qi, q- 2 )^Jo, Tor^a D — l 0 h no 4)opMyjie (JTJ) 

#(P>nC'nZ 2 ) < (l + 6)\d+l; 

napa (q\ , q 2 )^J \ Jo , BoenojiB3yeMCH opeHKofl 113 jicmmbi 11 


#(DnC'nZ 2 ) < ( (32eXk 1 - 1/m ) m + i ---J + (8A d) m + 4" 

napa (q u q 2 )eTr k \ J, Tor^a 

#(DnC'nZ 2 ) < N 0 = 8(1 + 5)E\k l ~ l ' m + 6 ^ I7e\ k l ~ l ' m . 

CyMMy mojkho 3amicaTB 


1/m 


y/ p(SnA(qi)r\A(q 2 )) — |y^ + y^+y^ J/x(S'rvi(gi)rvl(g 2 ))- 

\k/ 2 ]-^qi<q 2 ^k \ Jo J\Jo Tr k \J, 
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ynpScTBa BMecTo Y2 , ^ n ^ 6yn,eM nncaTB ^ H Y2 cooTBeTCTBeHHo. 

(9l:92)6J (<2i,g 2 )eJ\J 0 (qi,q2)&Tr k J J\J 0 Tr k 

IIpHMeHHM jieMMy 6 h nojiymiM orpaHnneHne Ha cyMMy no (gi, g 2 )G Jo 


Y,p-(snA( qi )nA(q 2 )) S £ (#(r>ncnz 2 ))' 

Jo Jo 


(2 £)’ 


(2 £)' 


k<& 

JO 






y: ((i+2<5)A(i) r 


(2e) m (1 + 25) m A m (2e) m ^ d m 2(1 + 25) m A m (2e) 


Jo 




m 




k 


£ 

Tr k 


q? 


< 


OpemiM cyMMy no (gi, g 2 )G J \ Jo 


£ A (sn^On/lte)) s £ (#(£>ncnz 2 ))’ 


J\J 0 


^ J] f(32£Afc 1 - 1 / m ) m + f 


Jo 

(\<oek x - x l m 


(2fT 

fcg?, 71 




J\Jo ' 
(128£ 2 A) m 
k 2 


J 


+ ( 8 Ad) m + 4 ,: 


(4e) m 

fc m+1 


y (64g 2 ) m v 1 (32gA) m v (16 e) m v 

/ v J.2 / ^ rfm Um+1 / j Um+1 / -/ 


< 


J\Jo 

(128e 2 X) m ^ (64e 2 ) m 


k 2 ^ d r ‘ 

J\Jo 


J\J 0 


£1 


£1 


(32eA) r 


J\Jo 
(16e) r 




k 2 ^ k 2 ^ k 

J J J\Jo 

(128e 2 A) m 2 fc 1 + 2 lr (64e 2 ) m 2A; 1+ ^ (288e 2 A) 


E(W w 'T + yr£K 




fc 2 


A£ 2 


+ 


k 2 Ae 2 


+ 


fc 2 


£i + » 2 < 


k m +l 


< (128e 2 A) m 2k 1 ’ 75 (64e 2 ) m 2 fc 1 ’ 75 + (288e 2 A) m fc 1 ’ 75 + (16e) m < 1 < 1 


fc 2 Ae 2 /c 2 Ae 2 fc 2 

Han^eM orpaHnnemie Ha cyMMy no (gi, q 2 )^Tr k \ J 


k 


£ M (snA( 9l )nA(, 2 ))<£#(Dncnz 2 ) m ^< £ (lT.Afc 1 - 1 /”) ^ 


Afc 0 ’ 25 fc°’ 2 ‘ 

(2e) m 


7V fe \J 


^0 


£ 


( 68 e 2 A) m ( 68 e 2 A) m 


/c 2 


< 


k 2 


£1 


Tr k \J 

(68e 2 A) m 


< 


Tr k \J " Tr k 

IIo^cTaBHM b HepaBeHCTBo (jSJ) HepaBeHCTBo ((9]) n HepaBeHCTBa, nojiyneHHBie bbt ttt c 


fi(SnM k ) > 


2 m (l - <5) m (Ae) m 2(1 + 25) m (2Ae) 7 


( 68 e 2 A) m 


k 0 ’ 2 


> 


> 2 m (l-5) m (A£) m 2(1 + 35) m (2Ae) m ( 68 e 2 A) m ^ 


= 2 m (A£) r 


(l-£p 2(1 + 35) m ^ ( 68 Ae 2 ) m 2 m (A£) m ( 68 Ae 2 ) 


2\m 


6 


JleMMa 14 ^;oKa 3 aHa. 

4. IIocjie/],OBaTejit.HOCTH Bopejia-KaHTejuiH. 

IlycTB 3^ecn n flajiee (f2, T, /i) - BeponTHoeraoe npocTpaHCTBo c f2 = [0; 1]’ 
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Ha30BeM nocjieflOBaTejiBHocTb H3MepHMbix MHoxcecTB { M k } - nocjieflOBaTejiBHocTbio Bopejia- 
KaHTejiJiH ecjiH 

t oo oo \ 

nuH=>- 

r =1 k=r J 

To ecTb noHTH Bee tohkh MHooxecTBa nona^aioT b SecKOHenHoe KOJinnecTBo mhojkoctb nocjie^oBaTejiBHocTii 

{M k }. 

TeopeMa IIIycTepa pjj. 

IlyCTB {M k } - nOCJieflOBaTejIBHOCTb H3MepHMbIX MHOOKBCTB. EcjiH flJIH JIK>6orO H3MepHMOTO 
MHoxcecTBa E, Taxoro hto fi(E) > 0, BbinojiHaeTca 


^2n(EnM k ) = +oo, 


k =1 


to nocjie^oBaTejiBHocTb {M k } HBjiHeTCH nocjie^oBaTejiBHocTBio BopejiH-KaHTejuni. 

TeopeMa o iijiothocth. IlycTb E - H3MepHMoe mttokcctbo c // ( E ) > 0, Torypi ^jia jno6oro 
8 > 0 cyipecTByeT Ky6 S, Taxon hto 

n(EnS) 


p(5) 


>1-5. 


JleMMa 15. IlycTb { M k } - nocne^oBaTejibHocTb H3MepnMBix mhojkbctb, ^jih jnoSoro xy6a S 
co cTopoHofi A HaHHHaa c HeKOToporo HOMepa fco(A) fljia Bcex k > BBinojiHseTCH HepaBeHCTBo 
[i(SnM k ) > cp(S), r^e c = c(m), Tor^a nocjie^oBaTejibHocTb {M k } aBjiaeTCH nocjie^oBaTejibHocTbio 
Bope jih- KaHTejuiH. 

^OKa3aTejii>CTBO. J\jia jno6bix MHoncecTB E, S h M k BbinojiHHeTCH HepaBeHCTBo 


n(EnM k ) > n(snEnM k ) > ^(s) - n(SnM k ) - fi{snE). 

M.3 ycjioBHH jieMMBi fljis Bcex k > fco(A) 6 yn,eT 

n(SnM k ) = n(S) - p(S'nM fc ) ^ fx(s) - cfi(S). 

no TeopeMe o njiOTHOCTH fljia: 8 — | mo>kho BbiSpaTb xy6 S' Tax, hto 


( 10 ) 


(ii) 


OTxyn,a nojiynaeM HepaBeHCTBo 

fi(SnE) = fi(s) - fi(SnE) ^ ^(s), ( 12 ) 

nO^CTaBIIM (fill) H ca b HepaBeHCTBo 

n(EDM k ) > MS) - M S) + cMS ) - l_MS) = l_MS). 

Bh^hm, hto fljis nocjieflOBaTejibHOCTH {M k } bbihojihhiotch ycjiOBHH TeopeMbi LQycTepa, tbkhm 
o6pa30M nocjie^oBaTejibHocTb {M k } HBjiHeTCH nocjie^oBaTejibHocTbio Bopejia- KaHTejuiH. 

JleMMa 15 floxa3aHa. 

HanoMHHM HexoTopbie cBoncTBa npaMoro npoH3Be,n,eHH5i. 
nycTb A, A' C A", B, B' C Y. Tor^a 
1) (A x B)n(A' x B') = (AnA') x {BAB')- 
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2) Hxxy(A x B) — fix (A) ■ fi Y (B). 

JleMMa 16. IlycTb {Ml} h {M|} nocjieflOBaTejibHocTii b O h ^;jia jiio6bix xyboB Si n S 2 
HannHan c HexoToporo HOMepa ko ^jih Bcex k > ko BBinojiHiuoTcn HepaBeHCTBa //(M^nSi) > cfi(Si) h 
/ i(M|nS 2 ) > cp(S 2 ), pge c = c(m), Topga nocjie^oBaTejiBHocTB {M^xMf} nBjineTcn nocjie^oBaTejiBHocTBio 
Bope jiu- KaHTejuiH . 

/JoKasaTejibCTBo. IIoctpohm noc.neyoBaTe.ni>iTocTi> MHo>xecTB { 4/*.} = {Ml x A7| } . IIoxa>xeM. 

UTO flJIH 9TOH nOCJie^OBaTejIBHOCTH BBinOJIHHIOTCJI yCJIOBHH JieMMBI 15. Bo3BMeM xy6 S = Si X S 2 - 
Haft^eM Mepy nepecenemin 


fi(Sm k ) = n{{Si x s 2 )n (Ml x Ml)) = 

= fi((SinMl) x (s 2 rw 2 )) = fi(SiOMl) ■ /i(s 2 nM 2 ). 

IIo ycjioBHio jieMMBi fljia Bcex k > ko BBinojmsieTcsi HepaBeHCTBo 

fi(Sif)Ml) ■ fi(S 2 DMl) ^ cfi(Si) ■ cfi{S 2 ) = c 2 /i(S). 

Bit ji itm, uto fljia nocjie^oBaTejibHocTii {4/*,} BBmojmnioTcn ycjioBiui jieMMBi 15, TaxiiM o6pa30M 
nocjie^oBaTejiBHocTB {'I' k } nBjineTcn nocjie,n;oBaTejiBHocTBio Bopejin-KanTejuni. 

JleMMa 16 ^;oxa3aHa. 

5. ^OKa3aTejii>CTBo ochobhoh TeopeMBi. 

nOCTpOIIM nOCJieflOBaTejIBHOCTB MHOJXeCTB {H/fc} = {Mfc X Mfc } 11 {4> fc } = { M k x Mfc}. no 

jieMMaM 3, 4, 5, 14 11 16 o6e nocjie^oBaTejiBHocTH {4 u} 11 {4A-} hbjihiotch nocjieflOBaTejiBHocTHMii 
BopejiH-KaHTejuiH. YcTaHOBiiM B3aiiMHoo^i;H03Ha T iHo cooTBeTCTBiie Mejx^y TonxaMii 113 12 11 MaTpnpaMH. 
B cjiyuae n —2 11 m— 1, Tonxe (a,/J)G[0, l] 2 conocTaBiiM MaTpimy 0 = ( 6{ Of) = (a(3). 

B cnynae n=lam)2 Tonxe (a\, ..., ay)G[0, l] m conocTaBiiM MaTpnny 

-CM!)- 

B o6oiix cjiynanx non™ Bee touxii, a 3HamiT 11 nonra Bee MaTpimpi nona^aioT b nocjie^oBaTejiBHocTii 
{'I'fc} 11 {4Y} SecxoHenHoe xojinnecTBo pa3. Ecjiii (0, @')g4K-, to pa3HocTB f>e{t) —^©'(t) > 0 11 ecjni 
(@,@ / )G4>fc, to pa3HocTB V’e(^) — V’Q'W < 0, a 3HamiT ^jia nonra Bcex nap MaTpiin; ocrpijuiHipin 
npoiicxo^iiT SecxoHenHoe xojinnecTBo pa3. 

TeopeMa ,n;oxa3aHa. 
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